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PART A — (10 × 1 = 10 marks) 

Answer ALL questions. 

 Choose the correct answer : 

1. Every linear transformation of N into an arbitrary 
normal linear space N   is ——————.  

 (a) Bounded   

 (b) Unbounded  

 (c) Continuous  

 (d) Discontinuous  
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2. If  1:  xxS  is the closed unit sphere in N, 

then its image  ST  is a ——————set in 1N .   

 (a) Bounded  (b) Unbounded  

 (c) Continuous (d) Discontinuous  

3. If x  and y  are any two vectors in a Hilbert space, 

then   yxyx ,  

 (a)     (b)    

 (c)     (d)    

4. If M and N are closed linear spaces of a Hilbert 

space H such that NM  , then the linear 

subspace NM   is ——————.  

 (a) open   (b) closed  

 (c) union  (d) disjoint  

5. Which one is the property of orthonormal? 

 (a) ji eeji   (b) 0ie  for every i  

 (c) 1ie  for every i (d) ji eeji    
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6. Every non-zero Hilbert space contains a complete 
——————set.  

 (a) parallel  (b) normal  

 (c) orthonormal (d) closed  

7. If N is a normal operator on H, then 2N =  

—————— 

 (a) 1   (b) 0  

 (c) N   (d) 2N   

8. The unitary operators on H form a ——————.   

 (a) subgroup  (b) cyclic subgroup  

 (c) group  (d) abelian group  

9. If A is a division algebra, then it equals the set of 
all scalar multiples of the ——————.  

 (a) identity  (b) constant  

 (c) reciprocal  (d) inverse  

10. If G is an open set, then S is a —————— set.  

 (a) open   (b) closed  

 (c) normal  (d) orthonormal  
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PART B — (5  5 = 25 marks) 

Answer ALL questions, choosing either (a) or (b). 
Each answer should not exceed 250 words. 

11. (a) Prove that if N is a normal linear space and 
0x  is a non-zero vector in N, then there exist a 

functional 0f  in *N  such that   000 xxf   

and 10 f . 

Or 

 (b) If N and N  be the normal linear spaces and T 
a linear transformation of N into N . Then 
prove that the following conditions on T are 
all equivalent : (i) T is continuous (ii) T is 
continuous at the origin, in the sense that 

  00  nn xTx . 

12. (a) State and prove open mapping theorem. 

Or 

 (b) Prove that if M is a closed linear space of a 
Hilbert space H, then  MMH . 

13. (a) Prove that an operator T on H is self adjoint 
 xTx ,  is real for all x. 

Or  

[P.T.O.] 
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 (b) Prove that if  ie  is an orthonormal set in a 
Hilbert space H, and if x is any vector in H, 
then the set   0:  iii exeS  is either empty 
or countable.  

14. (a) Prove that if P is the projection on a closed 
linear subspace M of H, then M is invariant 
under operator PTPTPT  . 

Or 

 (b) Prove that if T is normal, then the iM ’s are 
pairwise orthogonal. 

15. (a) Prove that G is an open sat, and therefore S is 
a closed set. 

Or 

 (b) Prove that    nn xx   . 

PART C — (5  8 = 40 marks) 

Answer ALL questions, choosing either (a) or (b)  
Each answer should not exceed 600 words. 

16. (a) Prove that let M be a closed linear subspace of 
a normal linear space N. If the norm of coset 

Mx   in the quotient space MN /  is defined 
by  MmMxfMx  :inf . Then 

M
N  is a normal linear space  

Or 
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 (b) Show that let M be a linear subspace of a 
normed linear space N, and let f be a 
functional defined on M. If 0x  is a vector not 
in M , and if  00 xMM   is the linear 
subspace spanned by M and 0x  such that 

ff 0 . 

17. (a) State and prove closed graph theorem. 

Or 

 (b) Prove that a closed convex subset C of a 
Hilbert space H contains a unique vector of 
smallest norm. 

18. (a) State and prove Bessel’s Inequality. 

Or 

 (b) Prove that let H be a Hilbert space, and let f 
be an arbitrary functional in *H . Then there 
exists a  unique vector y in H such that 
   yxxf ,  for every x in H. 

19. (a) Prove that if P is a projection on H with range 
M and null space N, then PNM   is self 
adjoint; and in this case  MN . 

Or 

 (b) Prove that if T is normal, then the iM ’s span 
H. 
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20. (a) Prove that if r is an element of A with the 
property that xr1  is regular for every x, 
then r is in R. 

Or 

 (b) Prove that   nnxxr
1

lim . 

——————— 

 


